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1 Introduction 



Thirring models appear to be of a great interest in string theory. This interest has 
mainly come from the idea that the space of all conformal Thirring models is the space of 
string compactifications. The Abelian Fermionic Thirring models have been considered 
as the most appropriate candidates to describe all toroidal string compactifications [1]. In 
their turn the non- Abelian (Lefton-Righton) Thirring models have been proposed for the 
description of the most general (left-right asymmetric) string compactifications on group 
manifolds [2, 3]. Therefore, the space of all conformal Thirring models seems to collect 
all symmetric string vacua, which could form the multitude of conformal backgrounds 
appropriate to the formulation of background independent closed string field theory [4] . 

The natural coordinates in the Thirring model-space might be the coupling constants 
of the current-current interaction. The whole model-space, however, may have additional 
dimensions parameterized by some extra variables coming from the geometric formulation 
of the Thirring model [5, 6]. Therefore, it would be illuminating if one could explore 
the Thirring model at all the possible values of its couplings. However, this seems to 
be beyond our present analytical abihties. Most of the difficulty resides in the highly 
non-linear character of the current-current interaction of the Thirring theory. Given our 
present knowledge, the theory is tractable only when it possesses either affine symmetry 
or quantum group symmetry (which might turn out to be a sort of deformation of the 
former.) In this paper we will not discuss the quantum group symmetry of Thirring 
models but rather affine symmetries. We will show that affine symmetries are intimately 
related to the conformal invariance of the Thirring model. 

We will begin with a description of the two formulations of the non- Abelian Thirring 
model. Namely, Fermionic and Bosonic formulations. We will show when these two clas- 
sically distinguished theories become equivalent at the quantum level. In sect. 3 we 
will discuss the Lie-Poisson structure of the classical Bosonic Thirring model. We will 
demonstrate the interconnection between this algebraic structure of the Thirring model 
and self-duality of its two-dimensional fields valued in Lie algebras. Sect. 4 contains 
the Hamiltonian quantization of the non- Abelian Thirring model on the basis of the Lie- 
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Poisson structure of the classical theory. It will be shown that the given quantization will 
be consistent as long as the conformal symmetry is present. We will find that consistency 
requires particular values of the Thirring coupling constants which are in one-to-one cor- 
respondence with solutions of the so-called Virasoro master equation [7]. The Virasoro 
master equation describes in conformal field theory the most general embedding of the 
Virasoro algebra into the affine algebra through the affine- Virasoro construction [7]. The 
affine- Virasoro construction in its turn is the most general bilinear of the affine currents. 
Thus, the non-Abelian Thirring models provide a natural sigma model interpretation to 
conformal theories based on general solutions of the master equation.]^ It is interesting 
that the so-called Sugawara solution of the Virasoro master equation has been derived 
by Dashen and Frishman from the isoscalar non-Abelian Thirring model two decades ago 
[12]. Therefore we call all conformal points, which are solutions of the master equation, 
Dashen-Frishman conformal points [6,10,11][[ In sect. 5 we will derive these same Dashen- 
Frishman conformal points from the Fermionic Thirring model. In the process we will 
justify the conformal symmetry at the Dashen-Frishman conformal points by using the 
path integral method. In sect. 6 we will show that the Dashen-Frishman conformal points 
appear to be a consistence condition for the BRST quantization of the Bosonic-Thirring 
model coupling to the two dimensional gravity. Finally, sect. 7 contains some concluding 
remarks. 

In the appendix, we will discuss the representation of the affine- Virasoro construction 
for the affine group SU{2). The SU{2) case is interesting because the minimal conformal 
series can be described with the SU{2) non-Abelian Fermionic Thirring models [11]. 

*Note that our field-theoretic reaUzation of the affine- Virasoro construction [6,10,11] differs from at- 
tempts in [8,9]. 

^In addition to the Dashen-Frishman conformal points non-Abelian Thirring models may have so- 
called "Higgs conformal points" [13] which are descendants of Dashen-Frishman conformal points. Higgs 
conformal points come into being due to duality symmetry which Thirring models possess at the quantum 
level [2, 13]. 
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2 Fermionic and Bosonic non-Abelian Thirring mod- 
els 



Let us start with a description of the Fermionic non-Abehan Thirring model. The action 

is given by 

Sf=^J d'z{ijLdl/jL + i'Rd^PR - Sa-aJVl), (2-1) 

where ■0l and %1)r are complex Weyl spinors (in general carrying a flavor) transforming as 
the fundamental representations of given groups Gl and Gr respectively. The last term 
in (2.1) describes the general interaction between fermionic currents 

Jl = i'L^'^L, 4 = (2-2) 
Here i", t"- are the generators in the Lie algebras Ql, Qr- 

[^A = a,6,c,= l,2,...,dimG'i, 

(2.3) 

_ -j-ab^c^ a,6,c= 1,2,..., dim Gr. 

is a coupling constant matrix. 
We have used also the following notations 

d = d/dz, d = d/dz, 

z^{t^ + ix) / V2, {t'^ - ix) /V^, 

where = it. We will use z and z to denote Euclidean coordinates, whereas x and t will 
signify Minkowski coordinates. We follow the convention (Pz = idzdz — —dxdt^/2. 

In addition to the non-Abelian interaction, we always can include the U{1) current- 
current interaction in the Fermionic action. The U{1) currents are defined as 

Jl = i'hi^L, Jr = i^Ri^R, (2.4) 

where a sum over all the internal indices is assumed. 

It is worth mentioning that the classical Fermionic non-Abelian Thirring model ob- 
viously possesses the global Gl x Gr invariance provided the coupling matrix Saa also 
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transforms as the adjoint representation of the Gl x Gr group. Therefore, the physically 
distinguished couplings are defined as 

Sa-a = {Sa-a]/e.d{GL X Gr), (2.5) 

where {Saa} is a set of all the consistent values of the Thirring couphngs Saa- However 
at the quantum level the given symmetry can be broken or reduced to a smaller one. We 
will show that the exact symmetry of the conformal points is the diagonal subgroup of 
the group Gl x Gr. Due to this symmetry, the space of Thirring models ought perhaps 
to be a coset. 

The action of the Bosonic Thirring model is formulated as follows 

Sb = j [LL{kL, 9l) + LR{kR, qr) + Li^tiOL, 9r, S)] , (2.6) 

where these three terms respectively are given by 

47rLL(A;L,^L) = -kL [{l/2)txL\gl^dgL\^ + {i/2>)d-hrL{gl^dgLf] , 
^T:LR{kR,gR) = -kR[{l/2)irR\g^^<igR\'' + {i/?,)dr\rR{g-^^dgRf], (2.7) 

Lint{gL:gR]S) = -{kikR/ ATc)tTLtTRgj^^dgL S BgRg^^dzdz, 

with the coupling S belonging to the direct product Ql Gr- Here the fields gL and gR 
take their values in the Lie groups G^ and Gr, respectively, k^, kR are central elements 
in the affine algebras ^L, Qr- The symbols tr/,, tr^ indicate tracing over the group indices 
of Gl, Gr. 

The point to be made is that the non-Abelian Bosonic Thirring model in eq. (2.6) 
becomes equivalent to the Lefton-Righton Thirring model [13] when the fields gi, gR obey 
the conditions 

d+gRgR^ = -kLtvLS gl^d+gL, 

(2.8) 

gl^d_gL = -kRtvRS d_gRg^^, 
where we have used the light cone coordinates 

X — X |~ t ^ X — X 

d+ = d/dx^, d- = d/dx~. 



In the limit S 0, equations (2.8) go to the self-duahty conditions for the non-Abehan 
fields ql, qr. Therefore, we will call equations (2.8) self-duality conditions. At the 
quantum level we will show that the conformal points of the non-Abelian Bosonic Thirring 
model with the action given by eq. (2.6) are in one-to-one correspondence to the conformal 
points of the Lefton-Righton Thirring model [13]. 

Classically the theories (2.1) and (2.6) are distinguished, whatever conditions we may 
impose upon them. However, at the quantum level the fermionic and bosonic non-Abelian 
Thirring models become indistinguishable under the following conditions: 1) the two Weyl 
spinors ■0)^ and ■^^ carry flavor indices i — 1, ...,kR and i — 1, ...,kL and 2) the coupling 
constant matrix S is invertible. When these conditions are fulflUed the statistical sums of 
the two models are identical [14]. Note that the second condition is also necessary for the 
Lefton-Righton Thirring model to be written in first order form [13]. Since we are going 
to use the Fermi-Bose equivalence in what following, we recall the main steps of its proof. 

It has been shown in [13] that the partition function of the Bosonic Thirring model 
possesses the property 

ZsikL, kR- S)^J Zsikl k'j,; S') ^^(A;^, kR, 0) Z^^, (2.9) 

where 

ZB{kL:kR;S) = jvQLVgRe-^'^, 



(2.10) 



Zgh = JvbVbVcVccxp - J d'^ z{bdc + bdc) 



with (6, c) and {b, c) Grassmann odd auxiliary fields from the adjoint representations of 
and Qr respectively. The constant J in eq. (2.9) is a jacobian factor due to the change in 
the measure of the auxiliary fields [2]. The relation (2.9) allows us to see how the Bosonic 
Thirring model partition function transforms under inversions of the Thirring couplings 

Saa S'g^a — ~ {k'Lk'RSahSbb) ^ba (2-11) 

and simultaneous mirror refiections of the central charges 

kL^k'^^ -kR - C2(Gr)/2, kR^k'j,^ -kL - C2(Gl)/2, (2.12) 



where C2{Gl) and C2{Gr) are quadratic Casimir operator eigenvalues referring to the 
adjoint representations oi Ql and Qr respectively. 

To link the partition function of the Bosonic Thirring model with the partition func- 
tion of the Fermionic Thirring model we consider an equivalent dual formulation of the 
Fermionic Thirring Lagrangian 

Lf{iPr, iPl; A+, A_; S) = VSl^V'l + i^Rdi^R + A''_Jl + A%J% + {S-^UA-_A%. (2.13) 

It is easy to see that this theory gives rise to the Fermionic Thirring model after eliminating 
the auxiliary fields A_ and by using their algebraic equations of motion. Due to the 

algebraic character of the auxiliary fields, the dual equivalence must hold also at the 
quantum level. Then the Fermionic functional integrals in the partition function 



R e-*^ (2.14) 

can be computed by the chiral anomalies resulting in the non-local functional of the 
auxiliary fields [15]. These non-local expressions transform to the WZNW models after 
making the change 

A_ ^ dgRgR\ A+ ^ gZ^dgL. (2.15) 

Arising within the process the partition function of the Bosonic Thirring model leads us 
via property (2.9) to the remarkable identity [14] 

ZB{kL,kR\S) ^ ZF{kL, kR-, S) 

ZB{kL,kR;0) ~ ZF{kL,kR;0)' ^ " 

Apparently, in the limit S = the identity (16) becomes trivial. This is not surprising 
because as we demonstrated in [10] in order to fermionize the WZNW models (or 5" = 
Bosonic Thirring model) with arbitrary levels, we have to use the Fermionic Thirring 
model at the so-called isoscalar Dashen-Frishman conformal points, not at Saa — 0. We 
will discuss this procedure in sect. 6 of the present paper. Meanwhile, when S ^ 0, 
the identity (2.16) is very fruitful since it allows us to establish an equivalence between 
the conformal points of the Fermionic and Bosonic versions of the Thirring model, and to 
clarify its geometrical meaning [5,4]. Furthermore, we can easily show that the ratio of the 
partition functions for the non-Abelian Bosonic Thirring model is equal to the ratio of the 



partition functions of the Lefton-Righton Thirring model. Indeed the partition functions 
of the non-Abehan and Lefton-Righton Thirring models differ only by the ghost parti- 
tion function. This ghost partition function does not depend on the coupling constants. 
Therefore, the ghost contributions are the same in the nominator and denominator of eq. 
(2.16) and, hence, cancel each other. 

It follows also from formula (2.16) that only chargeless combinations of fermions con- 
tribute to the normalized partition function. Therefore, to preserve the Lorentz symmetry 
at the quantum level, it would be sufficient to keep it apparent only for the mentioned 
composite chargeless fields. While fermions themselves might not be of any certain spin. 
Later on we will discuss how this phenomena may affect the existence of massive defor- 
mations of conformal non-Abelian Thirring models. 

3 Lie-Poisson structure of Hamiltonian system 

Identity (2.16) will continue to be somewhat formal until we are able to calculate the 
functional integrals for the non-Abelian Bosonic and Fermionic Thirring models. Appar- 
ently, this seems to be very difficult for arbitrary values of the coupling constant matrix 
Saa- However, it might be possible at some particular values of Saa at which the theory 
could be quantized nonperturbatively. 

All currently known nonperturbative quantum methods are essentially based on some 
symmetries which can be promoted through Poisson brackets to the quantum level. There- 
fore, the first thing we have to learn about the non-Abelian Thirring model is to find its 
phase space symmetries. This will be a subject of the present section. Specifically we will 
focus on the symmetries of the non-Abelian Bosonic Thirring model. 

The non-Abelian Bosonic Thirring model is a highly nonlinear field theory. Therefore, 
its analysis is very complicated. However, its symmetries can be uncovered from another 
simpler model which has a very nice geometrical structure [5, 6]. This geometrical theory 
is described by the following action 




(3.17) 
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where ai and a^, are canonical one-forms associated to the nondegenerate closed symplec- 
tic structures defined on the coadjoint orbits of the affine groups Gl and Gr respectively 
[17, 18]. The relations between az, and cul, ujr are given locally by 

dcci = ujl, dccij = ujR. (3.18) 

The last term in eq. (3.17) is defined by a Hamiltonian in the phase space with the 
symplectic forms ujl and ujr. The explicit expressions for the symplectic forms are 

<^L = {ki/n) jtrL{Lgl^dgLAgl^dgL-dLAgl^dgL)dx^dx~, 

(3.19) 

<^i? = {kn/Tr) j trn{RdgRgR^ AdgngR^ - dR AdgRgR^)dx^dx~, 

where L and R are fields conjugated to gi and gR respectively. 

The corresponding Poisson brackets between the canonical variables are found by 
inverting cul and lur [19]. We find 

{9lix^),9liy^)} = 0, 

{L\x+),gl{y-^)} = -2^,C,gl{y-')5{x-^-y'-), iL^n/k,, 

{L\x^), L'iy^)} = (7l/2)[Cl, L\x^) - L^y^Mx^ - y+) + ^lCl5'{x+ - y+); 

(3.20) 

{9R{^').9l{y')} = 0, 

{R^{x-),g\{y-)] = -2-iRCRg\{jr)5{xr -y-), 7^ = tt/Zcr, 

{R\x-),R\y-)} = {-fR/2)[CR,R\x-)-R\y-mx- -y-)+^RCR5'{x- -y-). 

Here {A^[x),B'^ {y) } denotes either the 2 dim Glx2 dim G^, or 2 dim Gr x 2 dim Gr matrix 
of all Poisson brackets A and B, arranged in the same fashion, as in the product of matrices 

and 
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with / the unity either in or Qr. Cl and Cr are constant matrices given by 

CL = ^^"®^^ CR = Y^t^^t^ (3.21) 

a a 

The dynamics in the phase space with the symplectic structures determined by the 
first two terms in eq. (3.17), is defined by the last term in the action. Let us consider the 
following choice for Sh 

Sh^^J dx+dx-n (3.22) 
with the Hamiltonian density H given by 

—{S,L0R). (3.23) 

Here the symbol (, ) implies the double tracing over group indices of the Lie groups Gl 
and Gr. 

Given the Hamiltonian density we find the Hamiltonian 

Hl^ J dx'H (3.24) 

in the phase space of variables ql, L, and 

Hr^ J dx+n (3.25) 

in the phase space of variables qr, R, respectively. These Hamiltonians yield the dynam- 
ical equations 

d_gL + {7r/'yR)gL{trRS R) = 0, 

(3.26) 

d+gR + {7r/-fL)itrLS L)gR = 0. 

If the coupling constant matrix S is invertible, then we can solve these equations to 
express L and R in terms of d+gR and d^g^ respectively. Therefore, after substitution 
of the expressions for L and R in the functional in eq. (3.17), wc get an action in terms 
of the fields gi and gR only. It turns out that this action yields the same equations of 
motion as the action of the non-Abelian Bosonic Thirring model upon using the self- 
duality conditions given by eqs. (2.8). In other words, the dynamics of the constrained 



non-Abelian Thirring model should be similar to the dynamics of the Hamiltonian system 
with the Hamiltonian density as in eq. (3.23) and the Poisson structure given by eqs. 
(3.20). Thus, the direct quantization of the Hamiltonian equations should provide the 
quantization to the starting Lagrangian Thirring model. The conditions when such a 
quantization can be carried out will be the topic of the next section. 



4 Hamiltonian quantization 

Based on the results obtained in the previous section we may quantize the non-Abelian 
Bosonic Thirring model by the Hamiltonian method. The method will work as long as the 
algebraic Poisson structure given by eqs. (3.20) are consistent with the Hamiltonian equa- 
tions. In attempts to promote the classical Lie-Poisson structure to the quantum level we 
are giving ourselves an account of possible quantum deformations coming in the quantum 
Poisson brackets and quantum Hamiltonians. We do not know a systematical way to 
control nonperturbative corrections to classical structures. However, if such deformations 
come into being, they have to occur self-consistently, i.e. the quantum corrections should 
not destroy the dynamical equations. Therefore, we will assume the classical Hamiltonian 
equations as exact quantum ones up to a certain normal ordering of composite operators. 

We want to quantize the Hamiltonian system by promoting the classical Poisson struc- 
ture (3.17) to the quantum level. First of all, we postulate the following quantum brackets 

L\x-^),L\y^)\ = (7^/2)[Ci,L^(x+)-L2(y+)]5(x+-y+)+7LCi<^'(x+-y+), 

(4.27) 

R\x-),R'{y-)] = {^R/2)[CR,R\x-)-R'{y-)]5{x- -y-)+^RCR5'{x- -y-). 

If there are quantum corrections, they should result in a certain renormalization of the 
operators L and R. Let us consider one obvious quantum effect. In the conformal regime 
we want the operators L and R to be scaling (but not necessarily Virasoro primary) 
operators. In turn, due to the Poisson structure, these operators are required to have 
classical canonical scaling weights. Respectively L has wight (1,0) and R has weight 
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(0,1). Then it is not hard to show that the following equations should hold 



d-L\Q) ~ null vector, 



(4.28) 



d^R\0) — null vector. 



So, at the quantum level the operators L and R become to be analytical. (The given 
deformations of the classical Hamiltonian equations originate from the quantum effects 
similar to the chiral anomaly which modifies the classical conserved chiral current.) Hence, 
the quantum Poisson brackets realize afiine algebras. Thus, the hidden classical afiine 
symmetry [5, 13] becomes apparent at the quantum level and we can identify the affine 
generators with the renormalized operators L and R. However, the affine symmetry is 
not necessarily a symmetry of physical states. We will see in the next section that a 
highest weight affine representation, in general, appears to be nondegenerate in energy. 
Nevertheless, the classical integrability on "the second level" (see eqs. (4.38)) may entail 
the full conformal invariance as a byproduct of the fact that the Virasoro algebra of the 
conformal group belongs to the enveloping algebra of the affine algebra. 

The important point to be made is that eqs. (4.28) can be thought of as another pair 
of Hamiltonian equations. It is interesting that at the quantum level in the conformal 
regime the r.h.s. of the classical Hamiltonian equations reduces to null vectors. 

As a consequence of the Lie algebra structure of the brackets given by eqs. (4.27) 
there are only two different ways of fixing the quantum brackets between g^, qr and 
L, R consistently with the corresponding Jacobi identities. Namely, the first one is to 
keep the classical structures as in eqs. (3.20). The second one is to admit an exchange of 
representations for and qr as follows 



The second choice works when Gl — Gr — G. More generally one can consider some 
embedding of one Lie group into another. 



(4.29) 



R\x-),gl{y-) 



'^iRCRgliy )5{x -y ), 
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Both options are equally good on the basis of symmetry arguments. So, we have to 
turn to the dynamical equations to make a choice. Obviously, the Hamiltonian equations 
(3.26), (4.28) in the conformal regime should admit the following representation 

[L-i,L] = 0, 

[L-i,gR] = -{T^hLjtrL : S L qr-.] 



(4.30) 



L_i,i?J = 0, 

L_i, gL\ = -{TT/-/R)trR : qlS R:, 
where we defined normal ordering by the rule 

dw L{w)gR{z) 



: Lqr: (z) = j 
■.gLR:{z) = j> 



2m w — z 
dw R{w)gL{z) 



(4.31) 



27ri w — z 

with products L{w)gR{z) and gL{z)R{w) being understood as T-ordered operator product 
expansions [20]. The operators L_i and are the generators of translations. By 
definition 

with T{z) and T{z) the holomorphic and antiholomorphic components of the energy- 
momentum tensor of the conformal Thirring model under consideration. It is interesting 
to point out that eqs. (4.30) appear to be a quantum field theoretic generalization of the 
isotropic rotator which possesses quantum group symmetries [30] . Therefore, it might be 
possible to look for integrable deformations of the Bosonic Thirring model following in 
the manner of ref. [30]. 

So, what we have to do is to find the operators T and T which produce the r.h.s. 
of eqs. (4.30). With the first Lie-Poisson structure as in eqs. (3.20) we fail to get any 
expressions for T and T obeying the Hamiltonian equations. While the second structure 
given by eqs. (4.29) admits solutions for the operators T and T to exist. It is easy to 
check that the following operators 

T{z) = Lab-.L'^L'' L ^ kLL; 
12 



(4.33) 



f{z) = Lab-.R^R' R = kRR 
satisfy the Hamiltonian equations (4.32) provided that]^ 

Lab = Sab. (4.34) 

However, this is not the whole story. The operators in eqs. (4.33) should form two 
copies of the Virasoro algebra. Otherwise, they will not make sense of the components of 
the conformal energy-momentum tensor. We can prove that the operators T and T give 
rise to the Virasoro algebras, if and only if the matrix Lab satisfies the Virasoro master 
equation [7] 

Lab = '^LacG^^Ldb — Lcd.Leffa'^ff — L^nff fa L},(, — Lcdf/^fb^Lae, (4.35) 

with and G"* respectively the structure constants and general Killing metric of the Lie 
algebra Q and Lie group G respectively. The Virasoro master equation may have many 
solutions [7, 25]. The entire space of solutions possesses the symmetry under transforma- 
tions from the diagonal of Gl x Gf(. This comes transparently from the affine- Virasoro 
construction itself and also can be verified with the invariance of the master equation 
under the following transformations 

Lab ^ Lab + XhU^Lkb + fb^'Lak) + 0\x), 

where Xh are the infinitesimal parameters. Accordingly, the conformal symmetry of the 
non-Abelian Thirring model is held on the orbits which are built by acting with the global 
diagonal group on the "physically not equivalent" solutions of the master equation. In 
section 6 we will show that components of the energy-momentum tensor in the form given 
by eqs. (4.33) appear naturally in the course of coupling the Bosonic Thirring model to 
the 2D gravity. 

■l-The Hamiltonian associated with the energy-momentum tensor in (4.33) can be viewed as a Hamil- 
tonian of the Sicgel invariant Lefton-Righton Thirring model [3] taken in the Floreanini-Jackiw gauge (R. 
Floreanini and R. Jackiw, Phys. Rev. Lett. 59 (1987) 1873). As a matter of fact we deal with the same 
Hamiltonian system. 
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Thus, there is a one-to-one correspondence between solutions of the Virasoro master 
equation and the conformal points of the Bosonic non-Abehan Thirring modeL Indeed, 
given a solution of the master equation we can define a value of the Thirring coupling 
constant at which the theory can be quantized in a fashion consistent with the conformal 
invariance. The given conformal points we will call Dashen-Prishman conformal points 
[10]. In the process the conformal symmetry emerges not as a byproduct of the Hamilto- 
nian quantization but as its essential ingredient. 

At the same time the conformal points may tell us something about the model beyond 
the conformal regime. Going off the conformal regime means giving mass to the funda- 
mental fields. However, massive terms can be consistent with the Lorentz symmetry only 
if the massive fields have a certain Lorentz spin. Obviously, if the fields do not have the 
correct spin at the conformal points, they cannot get it in the vicinity of the conformal 
points. In such a case there may not be a smooth way away from the conformal phase to 
the massive phase. In other words, the theory may turn out to be well defined only at 
the conformal points. On the other hand, it may happen that some of the fields do have 
the correct spin. For example, some of the components of an affine group multiplet may 
have a right spin. Then the theory can be moved out of the conformal points. We will 
show in next section that in Thirring models at the Dashen-Prishman conformal points 
there is always at least one fundamental field with the correct Lorentz spin. 



5 Conformal non-Abelian Fermionic Thirring model 

We now go on to discuss conformal points of the non-Abelian Fermionic Thirring model 
described by the action in eq. (2.1). In this case the theory is already first order and 
its quantization is more straightforward compared to the Bosonic version. The classical 
Lagrangian yields the following equation of motion for ipL 

dil^L = Saaf'J'niJL (5.36) 

and a similar one for V'h- At the quantum level this equation makes sense provided the 
normal ordering of its r.h.s. exists. 
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The classical equations of motion entail the following relations 

(5.37) 

where the currents Jl, Jr are given by eqs. (2.2). Since the Fermionic current-current 
interaction does not contain a time derivative, the fields Jl, Jr form a standard current 
Poisson algebra [12] similar to (3.20). Eqs. (5.37) are rather reminiscent of the Lax pair 
representations of intcgrable systems. Nevertheless, we cannot associate a curl free local 
current to the given system, with the exception of the isoscalar case Saa — ^^aa- In the 
isoscalar case the system of eqs. (5.37) can be presented as a zero curvature condition for 
a conserved local current. 

It is not difficult, however, to find a completely integrable subsystem of the currents. 
This is formulated in terms of the fields 

X = GabJlJl: ^ = G^iJrJr- (5.38) 

which obviously satisfy the analytisity conditions 

BX = 0, dX^ 0. (5.39) 

Thus, nonanalytic parts of the currents Jl, Jr are irrelevant in analyzing the system of 
eqs. (5.38) and (5.39). 

From now on we will be interested only in the conformal regime of the model in ques- 
tion. It means that its quantum energy-momentum tensor should consist of holomorphic 
T and antiholomorphic T components forming two copies of the Virasoro algebra. In order 
to elucidate the expressions for T and T, we have to carefully investigate the symmetry 
and dynamics of the theory under consideration. 

The current algebra is consistent with the scale symmetry as long as the Fermionic 
currents are the scaling fields of the canonical weights. At the quantum level we can 
prove that the scaling properties result in analyticity conditions for the current operators. 
These equations are very similar to eqs. (4.28). Thus, in the quantum regime the starting 
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current algebra transforms to two copies of the afiine algebra of the composite operators 
Jl and Jr. Hence, these operators can be treated as generators of local symmetries and 
we can require the following local commutation relations [21, 12] 

[Jl{z),iIj{w,w)\ = {a + d'y5)'ijj{w,w)6{z - w), 

(5.40) 

and the similar ones for Jr and Jr. Here Jl, Jr are the U (1) currents given by eqs. (2.4). 
These currents can always be defined when we are dealing with the complex fermions. 
The parameters a and a in eq. (5.40) are not fixed by the symmetry until we demand 
certain requirements for the spin of ijj. The constant 5 in turn must be either +1 or —1 
from the Jacoby identity. By a redefinition of the field ip li'4') we can always choose 
5 to be, say, +1. However, this will entail a change of the Lorentz representation of -0 in 
the equations of motion. Therefore, it is more convenient to consider the commutators 
with different 5's. The sign of 5 cannot be fixed from the symmetry and, therefore, should 
depend on the dynamics. 

The commutation relations in eqs. (5.40) reflect a simple fact that the fleld ip is an 
affine primary field. This, however, does not imply the field is a conformal primary 
one. Note that until now all known conformal field theories have Virasoro primary as 
their fundamental fields. In the case of the non-Abehan Thirring models, we are dealing 
with a more general situation. 

The commutators in eqs. (5.40) provide us with the operator product expansions 



_ (a + a75)^(w,w) 

Jl{z)iIj{w,w) = ^reg., 

z — w 



J^{z)ip{w,w) — \-reg. 



(5.41) 



Here the regular parts of the OPE's depend on the specific properties of the representation 
ip with respect to the conformal transformations. To clarify this point we have to construct 
the Virasoro generators by using the affine currents. In general, it could be done in many 
ways [22]. However, in the case under consideration the Virasoro generators have to be 
consistent with the equations of motion. 
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To proceed we have to define normal ordering between the currents and the fields. 
In sect. 4 we made use of normal ordering as in eqs. (4.31). This prescription can 
be extended to a general case of two operators A and B when one of them is analytic 
(holomorphic in the case at hand). So, we define normal ordering between A and B in 
the following fashion 

--«-/^^' (-^) 

where as usual A{w)B{z) is understood as a time-ordered OPE in the framework of the 
radial quantization (after corresponding Euclideanization of the Minkowski space-time). 

The point to be made is that the l.h.s. of eq. (5.36) is a certain translation of ip. Hence, 
the equation of motion has to follow from the commutation of the Fermionic field with the 
proper energy-momentum tensor. Otherwise, the theory will be inconsistent dynamically. 
By definition the operators of translations are given by the following generators of the 
conformal algebras 

(5.43) 

with T{z) and T{z) the holomorphic and antiholomorphic components of the energy- 
momentum tensor. 

All in all, the quantum equation of motion should be as follows 

[L^,,^ljR]^Sab:Jlt'ijR:. (5.44) 

We have assumed that Gl — Gr — G. Although one can try to consider the case when 
7^ Gr provided one of the groups can be embedded into another. 
The aim is to construct the operator L_i and L_i so that they obey all the quantum 
equations of motion. It turns out that the quantum canonical brackets with 6 = +1 are 
incompatible with the full system of equations of motion. Therefore we have to consider 
S — —1. In this case it is not hard to check that eq. (5.44) is fulfilled with T given by 

T^L,,: JlJl : : JlJl (5.45) 
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provided that 

Lab = Sab. (5.46) 

The last term in eq. (5.45) originates from the free Fermionic theory and survives in 
the interacting model because the U{1) current commutes with the non-Abelian currents. 
The magnitude of the constant n does not affect any observables in the theory. 

Thus, with 5 — —Iwe are able to define all quantum operators entering the quantum 
equations of motion. More conditions are required for L_i and Z_i to be the translation 
operators. The operators L_i will enjoy this property, if T and T form Virasoro 

algebras. With the fact that the currents J£ satisfy the afiine algebra, we can show that 
T forms the Virasoro algebra, if and only if the matrix is a solution of the Virasoro 
master equation (4.35). So, the Bosonic and Fermionic non-Abelian Thirring models share 
the same Dashen-Frishman conformal points in the full correspondence with eq. (2.16). 
This result imphes that the partition functions in eq. (2.16) is perhaps calculable at the 
Dashen-Frishman conformal points. 

In general, we do not know how to handle the partition function at the non-perturbative 
Dashen-Frishman conformal points. However, at the particular conformal points corre- 
sponding to the isoscalar case we can gain some insight. 

Let us consider the simplest case when = kR = k. By using eqs. (2.9) and (2.16), 
we can obtain the following formula for the Fermionic partition function 

Z^iK k-S) = J ZF{k, k- 0)Zb (-{k + ^C2{G)), -{k + ^C2{G)); S'^ Zg^, (5.47) 

where S' is given by eq. (2.11). The partition function of the Bosonic Thirring model 
possesses a useful property 

ZB{k,k;S =l/k) = Zl{k,k;0), (5.48) 

which is a direct consequence of the Polyakov-Wiegmann formula. Keeping in mind the 
given property one can easily prove the following identity 

Zpik, k-S = l/{k + ^C2(G))) = J Zpik, k- 0)zi (^-{k + ^C2(G)), -{k + ^C2{G)y, o) Z^^,. 

(5.49) 
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We have used the fact that the couphng constant S' associated with the couphng S* — 
l/{k + |c2(G)) is given by 

S'^-l/{k + ^C2{G)). (5.50) 

Therefore, we can use relation (5.48) to obtain eq. (5.49). The latter signifies that the 
coupling constant S* corresponds to the conformal point of the Fermionic Thirring model 
since on the r.h.s of identity (5.49) we have a product of the conformal partition functions. 
The given conformal point is nothing but the isoscalar D ashen- Prishman conformal point 
[12] generalized to the case of spinors with k flavors. Note that the presented proof of the 
conformal symmetry of the Fermionic Thirring model at the isoscalar Dashen-Frishman 
fixed point is essentially nonperturbative. 

At the same time, it may be instructive to check the conformal symmetry by another 
method. Namely, one can use the 1/N method. Indeed, let us consider the SU{N) 
non-Abelian Fermionic Thirring model with the isoscalar current-current interaction 

Sint = -A y JIJ^^, (5.51) 

with A being a coupling constant. When the fermions do not have flavor, we should be 
able to treat this theory by the 1/A^-expansion method in the hmit of large N. 

An isoscalar solution of the Virasoro master equation (4.35) in the case under consid- 
eration reads [12] 

A = 47r/(7V+1). (5.52) 
In the limit when N is large the following ratio 

47rA^ A = A = 1 (5.53) 

holds. Hence, one can use the l/A'"-expansion method to explore the theory at the given 
value of the coupling constant. Obviously, if the model had conformal points at nontrivial 
values of A, then the corresponding renormalization group /3-function should vanish at 
these points for each order in 1/A^. Actually, one can use the results obtained in [23, 24]. 
It is known that the isoscalar Thirring model is equivalent to the Gross-Neveu theory for 
a small coupling [14] . A puzzle is that Gross and Neveu have shown that their model does 
not allow nontrivial conformal points to exist. At the same time, we just proved above 
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that the Dashen-Frishman model does have a nontrivial conformal point. An explanation 
of the paradox might be as follows. In the small vicinity of zero coupling constant there 
may exist a phase transition which prohibits Fierz transformations to be used at the values 
of A comparable with the value given by eq. (5.52). Therefore, the nontrivial conformal 
point of the non-Abelian Thirring model can be missed in the Gross-Neveu theory. Our 
conjecture is that the Gross-Neveu model describes the non-Abelian Thirring model in 
the phase of very small couplings. Whereas when A approaches the critical value from 
the right side on a parametrical line the Dashen-Frishman isoscalar model seems to be 
equivalent to the Wilson's theory of N scalar fields in d — A — e dimensions in the hmit 
e — > 2. Wilson has calculated the dependence of the coupling A on the cut-off in the 
given limit and he established that the model has a nontrivial fixed point when A = 1 
(in our normalization). Thus, the conformal point in eq. (5.52) which follows from the 
Hamiltonian quantization could be in a favorable agreement with the conformal point in 
eq. (5.53) following from the l/A'"-expansion method. 

Of course, the 1/A^-expansion method fails to be appropriate for most of other Dashen- 
Frishman conformal points. However, one could try to apply it to the case when the num- 
ber of colors is fixed but the number of fiavors goes to infinity. This situation corresponds 
to the case of the affine algebra with a large level. 

From the point of view of the Hamiltonian quantization, the consistency of a solution 
of the Virasoro master equation with the conformal invariance of the quantum field theory 
is enough to justify the conformal symmetry of the non-Abelian Thirring models at all 
other Dashen-Frishman conformal points. 

It is noteworthy that the non-Abelian Fermionic Thirring model at the isoscalar con- 
formal points corresponding to the affine- Sugawar a construction [7] yields the proper 
Fermionic Lagrangian description of the representation described by the WZNW model 
on affine G. Thus, in order to fermionizc the WZNW model with the level permitted by 
the bifermionic currents, we have to take fermions described not by the free Lagrangian 
but the isoscalar Thirring Lagrangian. 

Now we would hke to discuss some features of the fundamental fields at the Dashen- 
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Frishman conformal points. We begin with the vacuum of affine G 

J«>o|0) = L^>_i|0) = 0, (5.54) 
where and L^^ are defined as 

oo 

Jli^) = E J^m^"^'\ a =1,..., dime, 

m=— oo 

(5.55) 

oo 

La, ■ Jl{z)Jl{z) : = E L^z-^-\ 

m=— oo 

Due to the property in eq. (5.41), the field ■0^ has to obey 

J^m>M{m) = ^m,o (i'^)? V'^(O)IO). (5.56) 

Consider now the action of the Lab '■ Jl^l '■ on the affine primary states. It is easily 
verified with eq. (5.54) that 

LoV'S(0)|0) = A^<|0), (5.57) 

where 

= {t'^t'Y^ (5.58) 

is called the conformal weight matrix [25]. There exists an eigenbasis of affine primary 
fields in which the conformal weight matrix is diagonal [26]. When the field ip is in the 
fundamental representation, we may think of the fundamental fields as the eigenbasis 
of the affine primary fields. 

The information about the Lorentz spin of ipR resides in the matrix A^. Namely, the 
Lorentz spin operator is given by 

s = Lo- Lq. (5.59) 

Since in the {■0"} eigenbasis the conformal weight matrix has a diagonal form, the eigen- 
matrix of the spin operator also can be arranged to be diagonal. Thus, in general, different 
components of an affine multiplet should be of a different spin. Due to this fact, the com- 
ponents of an affine multiplet describe different conformal highest weight representations 
with different background energies. Therefore, the underlying affine symmetries are not 
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generally symmetries of the physical states, since the affine generators may not commute 
with the Hamiltonian.| 

Since the matrix Lab is fixed by the conformal symmetry, we cannot change the eigen- 
values of s by tuning Lab- However, there is one free parameter - the parameter a {d = a 
in eq. (5.40) when the U{1) current- current interaction is omitted in the starting La- 
grangian). Via the operator Lq this parameter enters the eigenmatrix of s. This enables 
us to set the spin of one of the components of an affine multiplet to any value we want. 
This is a consequence of the fact that the diagonal of the U{1) x U^^{1) symmetry is 
conserved at the quantum level at arbitrary values of the Thirring coupling constants. 
Therefore, in the case of the Fermionic theory, both at the classical and quantum levels 
one of the fermions may have Lorentz spin equal to 1/2 . This is very important, if one 
wants to consider the Thirring model beyond conformal points. Indeed, the existence of 
the fundamental fields of undeformed Lorentz spin allows massive terms to appear. This 
may also mean that the space of all Thirring models is a connected multitude. 

6 A BRST nature of the master equation 

In this section we are going to show that the Bosonic Thirring model can be viewed as a 
gauge invariant theory such that the action in eq. (2.6) corresponds to a particular gauge 
choice in the gauge model. Interestingly, one gauge symmetry comes into being due to the 
chirality conditions given by eqs. (2.18). This is the Siegel gauge symmetry [31] arising 
in the process of including the chirality constraints in the Lagrangian. This symmetry is 
anomalous at the quantum level. However, there is a remedy to cure this problem [32, 33]. 
Due to Siegel's symmetry all auxiliary lagrange multipliers become pure gauge degrees of 
freedom and can be set to zero values both at the classical and quantum levels [32, 33]. 
Presently we will be convinced of an importance of the given symmetry for understanding 
the equivalence between the Bosonic Thirring model and the affine- Virasoro construction 

within the BRST approach. In order to see more local symmetries, we should look at the 

^In the appendix we will discuss the situation when all components of an affine multiplet have the 
same spin such that the afRne field becomes simultaneously a Virasoro primary. 
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global symmetries of the Bosonic Thirring model. 

Let us forget for a while about the interaction term in eq. (2.6). Then each of the two 
WZNW models should possess global symmetries generated by the following conserved 
currents 

where P„ is a polynom of order n in J" and d with J" being the affine current obeying 
the equation of motion 

Br = 0. (6.61) 

The currents presented in eq. (6.60) may form a very rich algebra. In this paper we 
want to concentrate on a particular subalgebra of this big algebra formed by the currents 
Ji" = J" and 

T = L,t,J^^' = L,,rj' (6.62) 

without 9-dependent terms. The current T carries spin two and is a natural candidate 
on a role of the energy-momentum tensor. There is also an antiholomorphic component 

f = LabrJ". (6.63) 

Note that in general the current T may go with a different matrix Lab- However in what 
follows we will be restricted to the case when L^b — Lab- 

The very important point to be made is that the classical currents T and T form a 
closed algebra provided the matrix Lab obeys the following algebraic equation 

Lab = ^LacG'^Lab, (6.64) 

which is easily identified with the classical hmit of the Virasoro master equation [8] . 
Correspondingly, transformation properties of fields follow from the formulas 

= ^/^^^^^^' 

(6.65) 

dw , 
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where ip is & field and the product on the r.h.s is understood as an OPE; e, e are constant 
parameters. The given definition is suitable for WZNW models since group elements are 
affine primary fields whose OPE's with the affine currents are known. 

In order to gauge the symmetry associated with the conserved currents T and T within 
the WZNW model, one has to introduce a set of new fields h, h coupling to the group 
element trough the currents T and T respectively. The procedure is rather straightforward 
and to a great extent is reminiscent of the method [34] used to construct the gauge theory 
of the 1^-gravity. We are not going into all details of this method. For us it is important 
to point out that the gauge fields h, h can be identified with a metric of the 2D gravity 
[34]. Thus, we can conclude that the 2D gravity can couple to the classical WZNW model 
in as many ways as a number of solutions of the equation (6.64) can be found. At the 
quantum level one can expect to get more restrictions on classically admitted solutions. 

Let us turn to the Bosonic Thirring model. Now the theory has to describe the inter- 
action between two chiral WZNW models couphng to the 2D gravity. Such an interaction 
can be constructed consistently with the group of two dimensional diffeomorphisms with 
a method developed in ref. [3]. 

The interaction term of the Bosonic Thirring model spoils the analiticity properties of 
the affine currents. Therefore, the energy-momentum tensor in general will be different 
from the affine- Virasoro form. It is quite amusing that when the coupling constant matrix 
Sab coincides with the momentum matrix Lab, i-e. 



the components of the energy-momentum tensor of the Bosonic Thirring theory acquire 
the affine- Virasoro construction form given by 



r^ = 47r — ^LabJlJl, T^ = 47r U- ^ La,J%Jl (6.67) 



where Jl = kg^^d+gL + kd+gRgj^^, Jr = kd^gRg^ kg^^d^gL. To get these expressions 
one has to use the classical master equation (6.64). It is quite natural that eqs. (6.67) 
appear to be similar to the usual spin- spin Hamiltonian interaction of a system of two 
identical rotators [30]. Obviously, Tj, and Tr satisfy the analiticity conditions 



(6.66) 





OTl = 0, 



OTr = 0. 



(6.68) 
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So that nonanalytical parts of the currents Jl, Jpt become irrelevant in eqs. (6.68). 

At the quantum level instead of the classical and Tr we consider the quantum 
energy-momentum tensors with corresponding ghost contributions. Given the quantum 
Tl and Tr one can construct the BRST operator Q following the standard scheme [35]. It 
is well known that the nilpotence of Q guarantees the conformal symmetry of the system. 
In its turn the conformal symmetry entails the analiticity of the quantum currents Jl 
and Jpt- After that we come to the affine-Virasoro construction and the Virasoro master 
equation. However, now we have one more restriction coming from the nilpotence of the 
BRST operator. Namely, 

c = 26, (6.69) 
where c is the Virasoro central charge of the affine-Virasoro construction 

c = 2G"^%,. (6.70) 

The last restriction is not very severe, since the Bosonic Thirring model is to be 
considered as a conformal model describing a compactification of a certain string theory. 
Therefore, in a whole theory the nilpotence of Q will result in the condition 

Co + c= 26, (6.71) 

where Cq is a total Virasoro central charge of a noncompact part of a given string. 

Thus, we have proved that equations (4.34), (4.35), (6.66) appear to be necessary 
and sufficient conditions of the conformal invariance of the Bosonic Thirring model. Due 
to the identity (2.16), the Fermionic Thirring model should share the same conformal 
conditions. 

Note that in ref. [8] authors discussed a gauge invariant action for the affine-Virasoro 
construction by utilizing one WZNW model. We found that it is more convenient to con- 
sider two interacting chiral WZNW theories since the chirality conditions taken together 
with the gravity constraints fix completely the so-called K-conjugate invariance of the 
affine-Virasoro construction [7, 8] . Moreover, this way we were able to discover new class 
of conformal quantum field models which could be useful for description of new string 
compactificationsf] 

^ A possibility to derive the Virasoro master equation as a condition of conformal invariance of a certain 
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7 Conclusion 



Following observations of the Lie-Poisson structure and the existence of nontrivial con- 
formal points in non-Abelian Thirring models [5, 6, 10], we have derived a theory of 
conformal non-Abelian Thirring models both for Bosonic and Fermionic versions. We 
have shown that these models can be quantized in a conformally invariant fashion at the 
values of the Thirring coupling constants which are solutions to the Virasoro master equa- 
tion. Due to this fact, the conformal non-Abelian Thirring models seem to provide the 
algebraic affine- Virasoro construction with a natural Lagrangian description. Moreover, 
since Thirring models have a nice interpretation in string theory [2, 3], we can expect to 
get explicit conformal sigma models corresponding to the affine- Virasoro construction. 

In this paper, we discussed non-Abelian Thirring models only in the conformal regime. 
However, for the realization of the background independent string field theory formulation 
program it is very important to investigate Thirring models beyond conformal points. 
We argued that massive deformations are not prohibited by the Lorentz symmetry even 
though the quantum fermions, in general, are no longer of Lorentz spin 1/2. Therefore, 
we hope that the whole multitude of Thirring models can be realized as a connected space 
of theories. 
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Appendix 

The peculiar algebraic properties of the affine- Virasoro construction entail unwanted 
conformal representations of the Virasoro algebra. Some general features of the represen- 
tations of the affine- Virasoro constructions on a general affine G can be found in [25-28]. 
sigma model was discussed in [36] . However, obtained results do not seem to go beyond a classical limit 
of the master equation. To such an extent of accuracy, there are no contradictions between our approach 
and the method of beta functions in [36]. 
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Generally since the affine-Virasoro construction is made with the affine currents it would 
seem to be true that Virasoro representations carried by the affine-Virasoro construction 
should be described in terms of the representations of the underlying affine algebra. Such 
a situation occurs, for example, in the WZNW model [29]. However, a consideration of 
the generic affine-Virasoro construction makes this intuition not so obvious [26] . The com- 
plications are partly caused by the fact that since we are dealing with the affine-Virasoro 
construction, affine primary fields are no longer Virasoro primary fields in general [27]. 

Surprisingly, the affine-Virasoro construction on the affine SU (2) does appear an ex- 
ception to the rule. This comes about due to the following fortunate quaternionic identity 

2t«t^ = 77«^ + (A.l) 

which holds when are the SU (2) generators in the fundamental representation of the 
Lie algebra SU{2). In this case, the conformal weight matrix takes the form 

= (c/4^)5^, (A.2) 

where the constant c is the Virasoro central charge in the SU (2) affine-Virasoro construc- 
tion 

c = 2G'^L,t,. (A.3) 
In this case the Lorentz spin of ip is given by 

s = c- 4:Ka^. (A.4) 

Therefore, we are able to treat the field ip as a spinor when 

4a\ = c-l/2. (A.5) 

Eqs. (2) and (4) remain true for all the possible solutions of the Virasoro master equation 
of the generic SU{2) affine-Virasoro construction when the latter acts on the space of 
states in the fundamental representation of the Lie algebra su{2). This means that the 
SU{2) affine primary fields, say ■0°, can be also considered as the Virasoro primary fields 
provided the matrix Lab obeys the Virasoro master equation. 
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Keeping in mind the identity (2), we obtain the OPE between the SU (2) affine Virasoro 
construction T — L^h : J'^J^ : and the affine primary field -0 

T{z)r{w, = A [ ^ + ■ , ^ \ w) + reg. (A.6) 

\{z — wy A[z — w) J 

where 

A = c/4k, 



(A.7) 



Let us consider the following composite field 

Sabin^r"" = ^V'^ - Sa,{t^y, : J«^^ : . (A.8) 

This field might appear in the process of quantization of the classical equation of motion 
of the non-Abelian Fermionic Thirring model 

= Sat,{t%ri^i. (A.9) 

The quantization will be consistent provided the l.h.s. of eq. (8) is a null vector. By using 
the OPE's in eqs. (6), (7), one can derive the correlator of the given composite fields [26] 

where T refers to the fundamental representation of G = SU (2). Then, by straightforward 
calculation, one can obtain the explicit expression for the correlator 

= {Labr''{t,z)(t'')^L^r''(t,w)(t''t) 

(A.ll) 

Here t is the complex conjugate representation defined as 

= -Vay'ity^. (A.12) 
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where rjap is the metric which is used to rise and lower indices of the field ip. Now it 
is clear that this correlator vanishes when t°- are in the fundamental representation of 
SU{2). 

Thus, the l.h.s of eq. (8) is nothing but a null vector. Note that in order to derive 
eq. (11) we have to use the Virasoro master equation. Therefore, the vanishing of the 
correlator in eq. (11) can be considered as another way for the master equation to be 
arrived. 
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